ORTHOGONAL AND SYMPLECTIC PARABOLIC BUNDLES 

INDRANIL BISWAS, SOURADEEP MAJUMDER, AND MICHAEL LENNOX WONG 

Abstract. We investigate orthogonal and symplectic bundles with parabolic structure, 
over a curve. 



1. Introduction 

Let X be an irreducible smooth complex projective curve, and let S* C X be a fixed 
finite subset. The notion of parabolic vector bundles on X with S as the parabolic divisor 
was introduced by C. S. Seshadri [I4j. Let G be any complex reductive group. The 
generalization of parabolic bundles to the context of G-bundles was done in [3]. 

Here we take G to be the orthogonal or symplectic group. In these cases the parabolic 
bundles can be considered as parabolic vector bundles with a symmetric or alternating 
form taking values in a parabolic line bundle; the form has to be nondegenerate in a 
suitable sense. 

We define algebraic connection on orthogonal and symplectic parabolic bundles, and 
give a criterion for the existence of such a connection (see Theorem 14 . 1 1 and Theorem 14. 2p . 
This criterion is similar to the one of Weil and Atiyah ([17], [1]) for the existence of an 
algebraic connection on a vector bundle over X. 

It turns out that an orthogonal or symplectic parabolic bundle is semistable (respec- 
tively, polystable) if and only if the underlying parabolic vector bundle is semistable 
(respectively, polystable); see Proposition 15. 6[ Proposition 15.71 and Corollary 16.21 

We also prove the following theorem (see Theorem 16.11) : 

Theorem 1.1. Let {E^ , (f) be an orthogonal or symplectic parabolic bundle. Then (£"* , (p) 
admits an Einstein-Hermitian connection if and only if it is polystable. 



2. Orthogonal and symplectic structure 

2.1. Parabolic vector bundles. Let X be an irreducible smooth complex projective 
curve. Fix distinct points of X 

(2.1) S := {xi,--- ,Xn} C X. 
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Let E — X be a vector bundle. A quasi-parabolic structure on E over S* is a filtration 
of subspaces 

(2.2) E,^ =: D . . . D Fij ^ ■■■ 2 F^,a, 2 ^i,a.+i = 

over each point of S. A parabolic structure on ii^ is a quasi-parabolic structure as above 
together with real numbers 

(2.3) < < • • ■ < a,j < ■ ■ ■ < ai^a, < 1 

associated to the quasi-parabolic flags. (See [H], p. 67], [iQ\.) The numbers in ( 12. 3 p 
are called parabolic weights. 

A vector bundle equipped with a quasi-parabolic structure over S and parabolic weights 
as above is called a parabolic vector bundle with parabolic structure over S. The subset 
5* is called the parabolic divisor for the parabolic vector bundle. 

We fix the divisor 5* once and for all. Henceforth, the parabolic divisor for all parabolic 
vector bundles will be D. 

For notational convenience, a parabolic vector bundle {E , {Fi j} , {caj}) as above will 
also be denoted by E^. 

The parabolic degree is defined to be 

n ai 

(2.4) par-deg(E,) := degree(E) + ^Y1 ^^'i ' • 

i=i j=i 

The real number par-deg(i?=i,)/rank(i?=i,) is called the parabolic slope of i?*, and it is denoted 

by /ipar(^*)- 

2.2. Parabolic dual and parabolic tensor product. In [10], an equivalent definition 
of parabolic vector bundles was given. This definition of [lO] is very useful to work with; 
we will recall it now. Take a parabolic vector bundle {E , {Fi j} , {caj}) defined as in (12.21) 
and (12. 3p . For a point Xi E S and t G [0,1], let 

E''^ C E 

be the coherent subsheaf defined as follows: if t < ai^i, then 

E''^ = E, 

if t > ttj^i, then i?*'* is defined by the short exact sequence 

E''' E E/Fi,,+i , 

where j G [1 , Oj] is the largest number such that aij < t. Since = (see (12. 2p ). 

it follows that E*'* = E<^^^ Ox{-Xi) for t > ai^a,- For t G [0 , 1], define 

n 
i=l 

Now we have a filtration of coherent sheaves {Et}t<m defined by 

(2.5) Ft := E(*-M)®Ox(-M5), 
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where [t] is the integral part of t (so < t — [t] < 1). Note that 

(1) the sheaf Et decreases as t increases, 

(2) the filtration {Et}tm is left-continuous, more precisely, there is an e > such 
that Et_^ = Ef for all t, and 

(3) Et+i = Et^Ox{-S) for alH. 

From the construction of the filtration {Et}teM. it is evident that the parabolic vector 
bundle (E' , {Fjj} , {ajj}) can be recovered from it. Conversely, given any filtration of 
coherent sheaves satisfying the above three conditions, we get a parabolic vector bundle 
on X with parabolic parabolic structure over S. In [10], a parabolic vector bundle on X 
with parabolic structure over S is defined to be a filtration of coherent sheaves satisfying 
the above three conditions. 

Let 

(2.6) i : X\S ^ X 

be the inclusion of the complement. For any coherent sheaf V on X\S, the direct image 
L^.V is a. quasi-coherent sheaf on X. 

Let {Vt}teB. and {PVtjiGiR be the filtrations corresponding to two parabolic vector bundles 
K and respectively. Consider the torsionfree quasi-coherent sheaf '-*((Vo (3) W^o)|x\5) 
on X, where t is defined in (12. 6p . Note that Vg (2) W^t is a coherent subsheaf of it for all s 
and t. For any t G M, let 

£t C L,{{Vo®W^)\x\s) 

be the quasi-coherent subsheaf generated by all (3) Wt-a, a G M. It is easy to see that 
£t is a coherent sheaf, and the collection {St}tm satisfies all the three conditions needed 
to define a parabolic vector bundle on X with parabolic structure over S. 

The parabolic vector bundle defined by {St}teR is denoted by K (3) W^*, and it is called 
the tensor product of K and VT*. 

Now consider the torsionfree quasi-coherent sheaf L^,{(yQ (^Wo)\x\s) on X. For any 
t e M, let 

be the quasi-coherent subsheaf generated by all V* Wa+t, a G M. This J-'t is a coherent 
sheaf, and the collection {J-'t}tm satisfies the three conditions needed to define a parabolic 
vector bundle with parabolic structure over S. 

The parabolic vector bundle defined by {J^t}teM is denoted by 'Hom(K , W*). 

Let be the trivial line bundle Ox with trivial parabolic structure (there is no nonzero 
parabolic weight). Note that the sheaf for t G M corresponding to this parabolic line 
bundle is Ox{[—t]D), so the filtration is {Ox{[—t]D)}t^]^. The parabolic dual of K is 
defined to be 

V: := nam{V,,L^,). 
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If {Ut}tm is tlie filtration corresponding to tlie parabolic vector bundle V*, then Ut = 
(V(;_(_i)*, where e is a sufficiently small positive real number. 

We also note that Hom(V; , W.,) = 1^* (g) V;. (See [6], [18].) 

2.3. Orthogonal and symplectic parabolic bundles. Fix a parabolic line bundle L^,. 
Let E^, be a parabolic vector bundle, and let 

(2.7) if : E, ^ E, 

be a homomorphism of parabolic bundles. Tensoring both sides of the above homomor- 
phism with the parabolic dual E* we get a homomorphism 

(2.8) ip^ld : E,0 E,0 El ^ U® El . 

We note that the sheaf of sections of the vector bundle underlying E^, ® E* is the sheaf 
of endomorphisms of E preserving the quasi-parabolic flags. Sending any locally defined 
function h to the locally defined endomorphism of E given by pointwise multiplication 
with h, the trivial line bundle Ox equipped with the trivial parabolic structure (meaning 
there is no nonzero parabolic weight) is realized as a parabolic subbundle of E^® El. In 
fact, this line subbundle Ox C E^,® El is a. direct summand of the subbundle of E^ ®El 
defined by the sheaf of parabolic endomorphisms of trace zero. Let 

(2.9) ^ : E, ^ El 
be the homomorphism defined by the composition 

E, = E,®Ox ^ E,® {E, ® El) = {E, ® E,) ® El ^ ® El . 

Definition 2.1. A parabolic symplectic bundle is a pair {E^, , </?) of the above form such 
that if is anti-symmetric, and the homomorphism ^ in (12. 9p is an isomorphism. 

A parabolic orthogonal bundle is a pair (i?* , ip) of the above form such that if is sym- 
metric, and the homomorphism ip is an isomorphism. 

2.4. Equivalence with other definitions in case of rational parabolic weights. 

When all the parabolic weights are rational, principal bundles with parabolic structure 
were defined in [3], We will show that Definition 12.11 coincides with the definition in 
[3], |1] when the parabolic weights are rational. 

In this subsection we assume that all the parabolic weights are rational numbers. 

We recall that there is a natural correspondence between parabolic vector bundles on X 
and orbifold vector bundles after we fix a suitable ramified Galois covering of X depending 
on the common denominator of the parabolic weights [7]. This correspondence takes the 
dual of a parabolic vector bundle E^ to the usual dual of the orbifold vector bundle 
corresponding to -E*; it takes the tensor product of two parabolic vector bundles to the 
usual tensor product of the corresponding orbifold vector bundles. 

Therefore, if {E^, , (/?) is a parabolic symplectic or orthogonal vector bundle (see Defini- 
tion [2]T]), then (fi induces a bilinear form (f' on the orbifold vector bundle E' corresponding 
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to the parabolic vector bundle E^,. This form (p' takes values in the orbifold line bundle L' 
corresponding to the parabolic hne bundle L^. We note that ip' is nondegenerate because 
if in (12 .op is an isomorphism. Therefore, {E' , y?') is an orbifold symplectic or orthogonal 
vector bundle depending on whether {E^ , ip) is symplectic or orthogonal. Hence {E^ , (p) 
defines a principal parabolic bundle in the sense of [3], (see [H pp. 350-351, Theorem 
4.3], [H p. 124, Theorem 1.1]). The converse also follows similarly. 

2.5. Adjoint bundle. Let i?^, be a parabolic vector bundle over X; the vector bundle 
underlying this parabolic vector bundle will be denoted by E. Let U he a Zariski open 
subset of X, and let 

T : E\u — > E\u 

be an 0[/-linear homomorphism. This homomorphism is called parabolic if for every 

Xi e Uf]S, 

T{Fij) C Fij 

for every j e [1 , a,] (see ( 12. 2p ). Let 

En(F{E,) C End{E) := E ® E* 

be the coherent subsheaf defined by the sheaf of all parabolic endomorphisms of E. As 
mentioned in Section [231 EndP{E^) is the vector bundle underlying the parabolic vector 
bundle E^^E*. 

Now take a homomorphism ip : E^ ® E^. — )■ such that (i?* , v?) is a symplectic or 
orthogonal parabolic bundle. Let L be the line bundle underlying the parabolic bundle 
L^,. Since the vector bundle underlying E^, ® E^ contains E ® E d& a. subsheaf, the 
homomorphism ip gives a homomorphism 

(pQ : E ®E — )■ L . 

Let 

(2.10) ad(E, ,¥?) C En<F{E,) 

be the subbundle generated by the sheaf of homomorphisms 

T : E — y E 

lying in EndF{E^) such that 

(^o(T(a)®/3) + (^o(a®T(/3)) = 

for all locally defined sections a and /3 of E. 

The vector bundle ad(£'=K , tp) defined in (12.101) will be called the adjoint bundle of 
{E^,ip). 

The rank of ad(i?* , (p) is the dimension of the orthogonal or symplectic group corre- 
sponding to ip. Let 

End^{E) C End{E) 
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be the subbundle of corank one defined by the sheaf of endomorphisms of E of trace zero. 
Since (p\x\s is nondegenerate, we have 

ad(E,,^)U\5 C End^{E)\x\s. 
Since X \ S is Zariski open, this imphes that 
(2.11) ad{E^,ip) C End^E) . 

We will give another description of the subbundle a.d{E^ ,{p). For any locally defined 
parabolic homomorphism T : E^, — > E^,, we have the dual homomorphism 

The section T of End^{E^) lies in ad(-E'* , if) if and only if the following diagram is com- 
mutative 

E, -A El ® L, 



T 



T* Ml 



E, El ® 

where if is the isomorphism in (12.91) . 

Equip the line bundle Ox{S) with the trivial parabolic structure (so there is no nonzero 
parabolic weight). Consider the parabohc vector bundle ad(i?* , ip) ® Ox{S). Let 

(2.12) ad°(E, , (/?) C ad(E, , (^) ® Ox{S) 

be the coherent subsheaf defined by the sheaf of all locally defined sections 

T : E, ^ E,®Ox{S) 

of ad(i?* , if) ® Ox{S) such that T{Eij) C -Fjj+i for all Xi E S in the domain of T and 
all J e [l,ai] (see (Q). 

Let tr : End{E) ® End{E) — y Ox be the homomorphism defined hj A ^ B i — y 
trace(y4 o B). Consider the composition 

ad{E, , if) ® ad°(E, , if) End{E) ® {End{E) ® Ox{S)) OxiS) . 

The image of this composition homomorphism is the subsheaf Ox C Ox{S), and the 
above pairing 

ad(E, , v?) ® ad°(^* , ^) — > Ox 
is nondegenerate. Hence we get an isomorphism of vector bundles 

(2.13) ad°(E,,¥?) ad(E,,y?)*. 
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3. Connection on parabolic orthogonal and symplectic bundles 

3.1. Logarithmic connection. Let Qx be the canonical hne bundle of X. A logarithmic 
connection on a holomorphic vector bundle W — > X singular over 5" is a first order 
holomorphic differential operator 

D : W — y W ®nx (^Ox{S) 

satisfying the Leibniz identity which says that D{fs) = fD{s) + s ^ df, where / is a 
locally defined holomorphic function and s is a locally defined holomorphic section of W. 
See [8] for the details. 

Since S is fixed, we will often refrain from referring to S. A logarithmic connection on 
X will always mean that the singular locus of the logarithmic connection is contained in 
S. 

For notational convenience, the line bundle Qx ® Ox{S) will be denoted by Qx{S). 
Take any point Xj G S. Using the Poincare adjunction formula, the fiber Qx{S)xi is 
identified with C. We recall that if / is a function defined on an open neighborhood of Xj 
such that f{xi) = 0, and df{xi) ^ 0, then the evaluation of the section (df)/ f of flx{S) 
at Xi is 1. For a logarithmic connection {V ,D), consider the composition 

(3.1) V A V^QxiS) ^ (V^QxiS)),, = \4,, 

where V (g) fix (5') — > (V (g) Qx{S))x^ is the restriction map. This composition is Ox- 
linear due to the Leibniz identity, hence it defines an endomorphism of the complex vector 
space Vx^. This endomorphism is denoted by 

Res{D,Xi) G Endc(V;j , 

and it is called the residue of D at x^; see [H p. 53]. 

Let = {E , {Eij} , {aij}) be a parabolic vector bundle. An algebraic connection on 
E^: is a logarithmic connection D on E such that for all Xi G S, and all j G [1 , Oj] (see 
(12. 2p for Oi), the following two conditions hold: 

(3.2) Res(D,Xi)(F„) C F^j 

(this condition implies that Res{D,Xi) induces an endomorphism of the quotient vector 
space Fij/Fij+i), and 

(3.3) Res{D,x,)\F,j/F,j+, = aij ■ Idp^jF,^^^^ , 
where aij is the parabolic weight in (12. 3p . 

Lemma 3.1. If E^ admits an algebraic connection, then pai-deglE^,) = 0. 

Proof. Let W he a. vector bundle over X equipped with a logarithmic connection D 
singular over S. Then 

n 

degree(y) + trace(Res(D, Xj)) = 
1=1 
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[TT| p. 16, Theorem 3]. In view of this, the lemma follows immediately from fl3.3p and 
the definition of parabolic degree given in (12.41) . □ 

Lemma 3.2. Let E^, and he parabolic vector bundles equipped with algebraic connec- 
tions De and Dp respectively. Then Dp and Dp together induce an algebraic connection 
on ^ F^. Also, Dp induce an algebraic connection on E*. 

Proof. Let E and F be the vector bundles underlying E^ and respectively. The loga- 
rithmic connections Dp on E induces a logarithmic connection on the dual vector bundle 
E*; this logarithmic connection on E* will be denoted by D'^. Let Eq be the vector 
bundle underlying the parabolic vector bundle E^. This E^ is a subsheaf of E*. It is 
straight-forward to check that the logarithmic connection D'p on E* produces a logarith- 
mic connection on E^, and the resulting logarithmic connection on E^ is an algebraic 
connection on the parabolic vector bundle E^. 

The two logarithmic connections Dp and Dp together define a logarithmic connection 
on E ^ F. The line bundle Ox{S) has a natural logarithmic connection given by the 
de Rham differential / i — df. This logarithmic connection on Ox{S) and the above 
logarithmic connection on E ^ F together define a logarithmic connection on E ® F ^ 
OxiS). 

The vector bundle {E^ ® i^*)o underlying the parabolic tensor product E^ ® F^, is a 
subsheaf of F (g) F (g) Ox{S). It is straight-forward to check that the above logarithmic 
connection on F F (g) Ox{S) produces a logarithmic connection on (F^, ® F^)o, and the 
resulting logarithmic connection on (F* ® F*)o is an algebraic connection on the parabolic 
vector bundle F* ® F,,,. □ 

It is known that a parabolic line bundle F* on X of degree zero admits an algebraic 
connection. In fact F* has a unique unitary flat connection [16], [12], [5]. We include a 
simple proof. 

Lemma 3.3. Let E^, he a parabolic line bundle with par-deg(F*) = 0. Then F* admits 
an algebraic connection. 

Proof. For any Xi G 5, let < Aj < 1 be the parabolic weight of E^, over x,. Let d be 
the degree of the vector bundle F underlying F*. So, 

n 

(3.4) par-deg(F,) = d + ^ = . 

i=l 

An algebraic connection on E^, is a logarithmic connection on F with residue Aj at each 
point Xi G S. 

Fix a divisor A^; = J2^=f Vj ~ YlT=i^k ^^'^^ that F = Ox{'^e)- We may, and we 
will, assume that x,, yj and Zk are all distinct points. As mentioned before, Ox{^e) 
has a tautological logarithmic connection Vq defined by the de Rham differential defined 
by / I — > df. This logarithmic connection is singular over the points {yj}"!^^^ and 



ORTHOGONAL AND SYMPLECTIC PARABOLIC BUNDLES 9 

{zk}JLi, its residue over each yj is —1 and its residue over each Zk is 1. To prove that 
admits an algebraic connection, it suffices to produce a section u of the hne bundle 

m+ci m 

(3.5) £ := Qx^Ox{S)®Ox{J2yj)®<^x{J2''k) 

j=i k=i 

such that the residue of u over every G S" is A,, over each yj is 1 and over each Zk 
is —1. Indeed, the logarithmic connection Vq + u on E , where a; is a section of the line 
bundle C in f l3.5p satisfying the above residue conditions, is an algebraic connection on 

To construct such a section u, consider the short exact sequence of coherent sheaves on 

X 



Let 

(3.6) H°{X, C) 

be the corresponding long exact sequence of cohomologies. From (13. 6 p it follows that C 
has a section with the given residues over 5, {yj}^^i and {zfc}^^ as long as the sum of 
all the residues is zero. Therefore, from (13. 4 p we conclude that there is a section u such 
that the residue of u over each Xi G S" is Ai, over each y^ is 1 and over each Zk is — 1. 
This completes the proof of the lemma. □ 

3.2. Definition of an algebraic connection. Let E^^ = {E , {Fij} , {aij}) be a para- 
bolic vector bundle of rank r. Let L^, be a parabolic line bundle. Let 

(p : E^® E^ — > 

be an orthogonal or symplectic parabolic structure. We have 

par-deg(L^, (g) E*) = r ■ par-deg(L*) + par-deg(E*) = r ■ par-deg(L*) — par-deg(E*) . 

Hence from the isomorphism (f in (12. 9p it follows that 

(3.7) r ■ par-deg(L^,) = 2 ■ par-deg(i?*) . 
Therefore, 

(3.8) par-deg(L^,) = par-deg(_E'*) = 0. 
In this subsection we assume that par-deg(L,,) = 0. 

Since par-deg(L*) = 0, from Lemma [3. 3 1 we know that L^, has an algebraic connection. 
Fix an algebraic connection on L*. 

As before, let {E^ ,ip) he a symplectic or orthogonal parabolic bundle. Let D be an 
algebraic connection on the parabolic vector bundle i?*. The algebraic connection D on 
E^, induces an algebraic connection on E^. This induced algebraic connection on E* and 
the algebraic connection on together produce an algebraic connection on E^ ® L^, 
(see Lemma [3^ . 



m+d 



H\x, rix) = c 
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Definition 3.4. The algebraic connection on D on E^^ is said to be compatible with (p if 
the isomorphism if : E^, — > E* in fl2.9p takes the algebraic connection D on E^ to 
the algebraic connection on L^: E* constructed above from D and Dl. 

An algebraic connection on {E^ , (p) is an algebraic connection on E^, compatible with 

Let D be an algebraic connection on the parabolic vector bundle E^. We will describe 
a criterion for D to be compatible with (p. 

Let D' be the algebraic connection on E^ ® -E"* induced by D (see Lemma [32]) • The al- 
gebraic connection D is compatible with ip if and only if the homomorphism ip intertwines 
D' and (the given algebraic connection on L*). 

The algebraic connections D and together produce an algebraic connection on 
the parabolic tensor product L^. ® El ® E^. On the other hand, p> defines a section of 
L^: ® El ® El. The homomorphism ip intertwines D' and -Dl if and only if the section of 
L^®El® El defined by ip is fiat with respect to the algebraic connection on L^®El® El 
constructed using D and D^. 

If Dl and D2 are algebraic connections on {E^ , ip), then 

D1-D2 e H%X, ad°(E, , ^) ® Qx) , 

where ad°(£'=K , ip) is the vector bundle in (12.121) . Conversely, for any algebraic connection 
D on {E^ , ip), and for any 

d e H%X, ad°(E,,(^)®fix), 
their sum D + 6 is also an algebraic connection on {E^ , ip). Therefore, the following holds: 

Lemma 3.5. The space of all algebraic connections on {E^ , ip) is an affine space for the 
vector space H'^{X, ad°(i?* ,ip) ®VLx)- 

3.3. Generalized logarithmic connection. Let U C X be a nonempty Zariski open 
subset. The intersection U {^S will be denoted by Sjj- The canonical line bundle of U 
will be denoted by Vlu. Fix an algebraic function w on U . Let V be an algebraic vector 
bundle on U . 

A generalized logarithmic connection on V with weight w is an algebraic differential 
operator 

D -V ^ V®nu{Su) := V ®nu®Ou{Su) 
satisfying the identity 

(3.9) D{fs) = fD{s) +ws0df , 

where / is a locally defined algebraic function, and s is a locally defined algebraic section 
of V. 

The identity in (13. 9p implies that the order of the differential operator D is at most 
one. The order of D is zero, meaning D is O^y-linear, if and only if w = 0. We also note 
that D is a logarithmic connection over U if w = 1. 
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A generalized logarithmic connection on V — > f/ is a pair {w,D), where w is an 
algebraic function on U, and D is a generalized logarithmic connection on V with weight 
w. 

Given any generalized logarithmic connection {w ,D) on V — > U, for any point Xi G 
Su, consider the composition 

V A v®nu®Ou{Su) =: v®nu{Su) ^ {v®nu{Su))., = v,^ 

as in fl3.ip . It defines an endomorphism 

Res{D,x^) G Endc(V;j; 

this endomorphism will be called the residue of D at Xi. 

Let = {E , {Eij} , {ctij}) be a parabohc vector bundle. Let U C X be a nonempty 
Zariski open subset. A generalized algebraic connection on E^\u is generalized logarithmic 
connection {w , D) on E\u satisfying the following condition: for any Xi G U f]S, 

Res{D,Xi){Fij) C Fij and Res{D, Xi)\F,^^/F,^^^^ = w{xi) ■ aij ■ Idp^^^/p,^^^-^ 

for all j G [1 ,aj]; the first condition ensures that Res{D,Xi) induces an endomorphism 
of Fij/Fij^i. 

3.4. Connections and Atiyah exact sequence. As in Section 13.21 we assume that 
par-deg(L^,) = 0. We also fix an algebraic connection on L^. 

Let E^: = {E , {Fij} , {aij}) be a parabolic vector bundle, and let (i?* , ip) be an or- 
thogonal or symplectic parabolic bundle. Let U C X be a nonempty Zariski open subset, 
and let w be a function on U. Note that w ■ is a. generalized logarithmic connection 
on L\u of weight w. 

If V (respectively, W) is a vector bundle on U equipped with a generalized logarithmic 
connection Dy (respectively, Dw) of weight w, then ® Idvi/ + Idy ® -Dw is a generalized 
logarithmic connection onV^Wof weight w. Also, Dy induces a generalized logarithmic 
connection Dy* on the dual vector bundle V* of weight w. This Dy* is uniquely defined 
by the following identity: 

t{Dy{s)) + {D*y{t)){s) = wd{t{s)), 

where s and t are locally defined sections of V and V* respectively. 

Consequently, for any generalized algebraic connection D of weight w on the parabolic 
vector bundle E^,\u, we have a generalized algebraic connection D* on E*\u of weight w. 
Also, D* and w ■ together produce a generalized algebraic connection on El ® i^* of 
weight w. 

A generalized algebraic connection on D of weight w on the parabolic vector bundle E^\jj 
is said to be compatible with ip if the isomorphism in (12. 9p takes D to the generalized 
algebraic connection on El ® constructed using D and w ■ D^. 

A generalized algebraic connection on {E^, , ip) over f/ is a generalized algebraic connec- 
tion on the parabolic vector bundle E,, compatible with ip. 
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Let 

(3.10) V{E,,ip) 

be the sheaf on X defined by the generahzed algebraic connections on {E^, , ip). 

We will show that Vi^E^, , ip) defines an algebraic vector bundle over X. For that purpose, 
first note that if {wi , Di) and {w2 , -D2) are generalized algebraic connections on (_E* , ip) 
over U, then {wi + W2 , Di + D2) is a generalized algebraic connection on {E^ , (p) over U. 
Also, if w is a function on U, then {w -wi ,w ■ Di) is a generalized algebraic connection on 
(£■* , ip) over U. Consequently, V{E^: , ip) defines a coherent sheaf on X. Clearly, the 
module V^E^: , ip) is torsionfree, and its rank coincides with l+rank(ad(£'^, , ip)) (see (12.101) 
for ad(-E* , ip)). Hence T'(i?* , y?) is a vector bundle over X of rank 1 + rank(ad(i?* , ip)). 

Let 

(3.11) V ■■ V{E,,ip) ^ Ox 

be the homomorphism defined by {w , D) \ — > w. From the Ox^niodule structure of 
V{E^ , ip) described above it follows immediately that rj is Ox^inear. Also, rj is surjective. 

The sheaf of generalized algebraic connections of weight zero on {E^ , ip) coincides with 
the sheaf of sections of the vector bundle ad''(£'* , if) where ad°(i?* , if) is constructed 

in (12.121) . Hence we have an inclusion 

ad°(E, ,ip)^Qx ^ V{E^ , ip) . 

Using this inclusion we get a short exact sequence of vector bundles on X 

(3.12) a(f{E,,ip)^nx V{E,) ^ Cx — > , 

where 77 is the homomorphism in (]3.1ip . 

The short exact sequence in (I3.12p is a twisted form of the Atiyah exact sequence. More 
precisely, if the parabolic structure on E^ is trivial, then f l3.12p tensored with TX coincides 
with the usual Atiyah exact sequence for the corresponding orthogonal or symplectic 
bundle. We recall that an algebraic connection on a principal bundle is an algebraic 
splitting of the Atiyah exact sequence associated to the principal bundle [I]. Also, note 
that splittings of a given short exact sequence are in bijective correspondence with the 
splittings of the short exact sequence obtained by tensoring the given exact sequence with 
some line bundle. 

Recall the definition of an algebraic connection on (i?* ,ip) (see Definition 13.41) . If 

a : Ox ^ V{E, , ip) 

is a homomorphism such that rjoa = Ido^^, where 77 is the homomorphism in fl3.1ip . then 
the section a{\) of V{E^ ,ip) is an algebraic connection on {E^: ,ip); here 1 is the section 
of Ox given by the constant function 1. Conversely, if D is an algebraic connection on 
{E^ , ip), then there is a unique homomorphism 

a : Ox V{E, , ^) 
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such that cr(l) = D. In other words, algebraic connections on {E^ ,ip) are the sphtting 
of the short exact sequence in fl3.12p . 

4. Criterion for an algebraic connection 

We assume that par-deg(L^,) = 0. Fix an algebraic connection -Dl on the parabolic 
line bundle L*. Let 

be an orthogonal or symplectic parabolic bundle. In this section, we will give a criterion 
for {E^, , (f) to admit an algebraic connection. 

4.1. The case of symplectic bundles. First assume that (f is alternating. Let 2r be 
the rank of E. 

Take any parabolic vector bundle V^. Using the natural pairing of K with the parabolic 
dual V*, the parabolic vector bundle V"* © (V* ® i^*) is equipped with a symplectic form 
with values in L^. Let 

V^v, ■ © (K* ® L,)) ® (K © (K* © L,)) ^ 
be this symplectic form on K © (V* © L*). 

Theorem 4.1. The parabolic symplectic bundle {E^,ip) admits an algebraic connection 
if and only if the following holds: For every parabolic vector bundle K satisfying the 
condition that there is a symplectic parabolic vector bundle {W^, , 0) such that 

{E,,ip) = ((K©(V;*©^*))©W^*,¥'y.©0), 

we have 

par-deg(K) = . 

Proof. First assume that {E^ , ip) admits an algebraic connection. Take a parabolic vector 
bundle and a symplectic parabolic vector bundle [W^, , 0), such that 

{E, , ip) = ((K © (K* © L,)) © , yp^, © 0) . 
Fix an isomorphism t : {E^,ip) — > ((K © (V;* © L*)) © , v^y^ © 0). Let 
(4.1) 2y : K ^ (K © (K* © ^*)) © W^* and jy := (K © (K* © L,)) © W^, K 
be the injection and projection respectively constructed using r. 

Let D be an algebraic connection on [E^ , ip). Consider the composition 

K ^ (K © (K* © L,)) © A ((v; © (v: © L,)) © W^) © fix © Ox{S) 

— > v; © fix © C'x(o) . 

It is an algebraic connection on the parabolic vector bundle V^. Now from Lemma [3. II we 
conclude that par-deg(K) = 0. 
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To prove the converse, we will first show that it is enough to prove the converse under 
the assumption that [E^: , is irreducible, meaning it does not decompose into a direct 
sum of symplectic parabolic vector bundles of positive rank. 

We can write , (p) direct sum 

n 
i=l 

where each {El , is irreducible. If the condition in the theorem holds for {E^, , ip), then 
it holds for each (i?*, If each symplectic parabolic vector bundle {El^ip^) has an 
algebraic connection D*, then ^"^^ -D* is an algebraic connection on [E^, , Lp). Therefore, 
it is enough to prove the converse under the assumption that {E^ , ip) is irreducible. 

We assume that {E^, , p) is irreducible. Assume that the condition in the theorem holds 
for {E^,p). 

We will show that the short exact sequence in fl3.12p splits; recall that any splitting of 
(13.121) is an algebraic connection on (i?* , p). 

Using Serre duality, the obstruction to the splitting of fl3.12p is a cohomology class 
(4.2) c e H\X, ad°(E, , p) ® fix) = H^X, ad(E, , p))* 

(see (12.131) ). We will investigate the functional c of H^{X, ad(£'* ,p))- 

Take any A G H^{X, ad(£'* ,(/?)). So, A is an endomorphism of E compatible with p 
which preserves the quasi-parabolic flags for E^. Consider the characteristic polynomial 
of A{x), X G X. Since there are no nonconstant algebraic functions on X, the coefficients 
of the characteristic poljTiomial of A{x) are independent of x. Hence the eigenvalues of 
A{x), along with their multiplicities, are independent of x. Since [E^, ,p) is irreducible, 
there is exactly one eigenvalue (otherwise the generalized eigenspace decomposition of E 
contradicts irreducibility) . On the other hand, A is of trace zero (see (12. lip ). Hence A 
does not have any nonzero eigenvalue. 

Since A does not have any nonzero eigenvalue, we conclude that the endomorphism 
A is nilpotent. Now from the argument in the proof of Proposition 18(ii) in [U p. 202] 
it follows that the functional c in (14. 2p satisfies the identity c{A) = 0. Hence c = 0. 
Therefore, {E^, , p) admits an algebraic connection. □ 

4.2. The case of orthogonal bundles. We now consider the case where {E^ , p) is an 
orthogonal parabolic vector bundle. 

Take any parabolic vector bundle K- Using the natural pairing of K with the parabolic 
dual V*, the parabolic vector bundle K © {V* © L*) is equipped with an orthogonal form 
with values in L*. Let 

Plr^ : (K © {V: © L,)) ® (K © (V: © L,)) ^ 

be this orthogonal form on © (V* © L*). 
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Theorem 4.2. The orthogonal parabolic bundle , admits an algebraic connection if 
and only the following holds: For every parabolic vector bundle K satisfying the condition 
that there is an orthogonal parabolic vector bundle {W^ , 0) such that 

{E, , ^) = ((K © (K* ® L,)) © , ^'y^ © 0) , 

we have 

par-deg(K) = . 

The proof of Theorem 14.21 is identical to the proof of Theorem 14. 1[ 

In the absence of any parabolic structure, Theorem 14.11 and Theorem 14.21 coincide with 
the main theorem of [2] (Theorem 4.1) for symplectic and orthogonal bundles respectively. 

5. SeMISTABLE and POLYSTABLE parabolic BUNDLES 

5.1. Semistability of tensor product. Let = {E , {Fij} , {aij}) be a parabolic 
vector bundle over X. Any subbundle F of is equipped with an induced parabolic 
structure which is obtained by restricting the quasi-parabolic filtrations and the parabolic 
weights of E to F. Let be the parabolic vector bundle obtained this way. 

The parabolic vector bundle F* is called stable (respectively, semistable) if for every 
subbundle F d E with < rank(F) < rank(i?), the inequality 

(5.1) /Upar(F*) < /Upar(F*) (respectively, yUpar(F*) < /ipar(^^*)) 

holds (see [HI, [151 p. 69, Definition 6]). 

The parabolic vector bundle E^ is called polystable if is semistable, and isomorphic to 
a direct sum of stable parabolic vector bundles. 

Fix a complete Hermitian metric gx on X\ S; it is Kahler because dim^X = 1. The 
notion of a Einstein-Hermitian metric on vector bundles over X extends to a notion of 
Einstein-Hermitian metric on parabolic vector bundles (see [121 P- 492, Definition 5.7], 
[16] for the details). 

The following is a basic theorem (see [T2l p. 497, Theorem 6.4], [16', p. 718, Theorem]): 

Theorem 5.1. A parabolic vector bundle E^, admits an Einstein-Hermitian connection 
if and only if E^ is polystable, and the Einstein-Hermitian connection on a polystable 
parabolic bundle is unique. 

A C°° connection on E^ is a splitting of the short exact sequence in (13.121) . An 
Einstein-Hermitian connection is not algebraic unless it is flat. 

Lemma 5.2. If E^ and K are parabolic polystable vector bundles, then the parabolic 
tensor product F* ® K> is also polystable. 



Proof. Both E^: and K admit Einstein-Hermitian connection by Theorem 15.11 The con- 
nection on E^, ® induced by Einstein-Hermitian connections on E^, and is again 
Einstein-Hermitian. Hence E^, ® is polystable. □ 
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Any semistable parabolic vector bundle admits a filtration of subbundles such that each 
successive quotient is polystable of same parabolic slope. Therefore, Lemma 15.21 has the 
following corollary: 

Corollary 5.3. //-E* and K are parabolic semistable vector bundles, then the parabolic 
tensor product ® K> is also semistable. 

5.2. Semistable and stable orthogonal and symplectic bundles. Let ^ be a finite 
dimensional complex vector space equipped with an orthogonal form B. Let SO(l^) C 
SL(F) be the subgroup consisting of all automorphisms that preserve B. Let 

GO{V) C GL{V) 

be the subgroup consisting of all automorphisms T satisfying the condition that there is 
a constant c G C* such that 

B{T{v),T{w)) = c-B{v,w) 
for all V ,w G V. So GOiV) fits in a short exact sequence 

e ^ SO{V) GO{V) ^ C* ^ e. 

A linear subspace Vq C is called isotropic if B{v ,w) = for all v ,w G Vq. The 
subgroup of GO(V^) that preserves a fixed nonzero isotropic subspace Vq is a maximal 
parabolic subgroup of GO(V^). In fact all maximal parabolic subgroups of GO{V) arise 
this way. Let Vq be a nonzero isotropic subspace of V. Let 

P C GO{V) 

be the corresponding maximal parabolic subgroup. We will describe a Levi subgroup of 
P. Consider the orthogonal subspace C V for Vq. Since Vq is isotropic, we have 
Vq C Vq^. Fix a complement Wq C Vq^ of the subspace Vq. The restriction of B to Wq is 
nondegenerate. Fix an isotropic subspace Vi C V such that Vi is a complement of Vq"^. 
The subgroup of P consisting of all automorphisms preserving both Wq and Vi is a Levi 
subgroup of P. All Levi subgroups of P are of this form for some choices of Wq and Vi. 

If B' is a symplectic form on V, then define 

Gp{V) C GL{V) 

to be the subgroup consisting of all automorphisms T satisfying the condition that there 
is c G C* such that 

B'{T{v) ,T{w)) = c-B'{v,w) 

for all V ,w G V. As before, a linear subspace Vq C V is called isotropic if B{y ,w) = 
for all v,w G Vq. Maximal parabolic subgroups of Gp{V), and the Levi subgroups of 
maximal parabolic subgroups, have exactly identical description as those for GO(l^). 

Let E he a. holomorphic vector bundle on X, and let L be a holomorphic line bundle 
on X. Let 

ipo : E ^ E — > L 
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be a nondegenerate bilinear form which is either symmetric or anti-symmetric. So [E , y^o) 
defines a principal GO(\^)-bundle or a principal Gp(\^)-bundle on X depending on 
whether <^o is symmetric or anti-symmetric, where V is as before with dim V = rank(i?). 

A holomorphic subbundle F G E is called isotropic if ifoiF" ^ F) = 0. 

Combining the above descriptions of maximal parabolic and Levi subgroups with the 
definition of a (semi)stable principal bundle (see [131 page 129, Definition 1.1] and [I3l 
page 131, Lemma 2.1]), we get the following: 

The principal bundle defined by {E , ipo) is stable (respectively, semistable) if and only 
if for all nonzero isotropic subbundles F G E, 

degree(F) degree(£') . degree(F) degree(i?) 

rank(F) rank^i?) rank(F) rank(i?) 

The principal bundle defined by {E , ipo) is polystable if and only if either {E , y^o) is 
stable, or there is a polystable vector bundle W with 

degree(W^) degree(£^) 
rank(iy) rank(ii^) ' 

and an orthogonal or symplectic stable parabolic vector bundle (F , 0) (depending on 
whether {E , (po) is orthogonal or symplectic), with (p taking values in the same line bundle 
L as for (po, such that {E , ipo) is isomorphic to the direct sum 

{{W ® {W* L)) ® F ,ipw ® (j)) , 

where ipw is the obvious orthogonal or symplectic structure on W Q){W* ^L) constructed 
using the natural paring of W with its dual W*. 

5.3. Semistable and stable orthogonal and symplectic parabolic bundles. Let 

(-E* , ip) = {{E , {Fij} , {aij}) , ip) be an orthogonal or symplectic parabolic bundle. To 
clarify, we no longer assume that the parabolic degree of L^, is zero. 

A subbundle F of is called isotropic if the restriction of ip to F^F vanishes identically. 

The bundle (F* , ip) is called stable (respectively, semistable) if 

(F*) < yUpar(F=^) (rcspcctively, (F,) < (E.)) 

for all nonzero isotropic subbundles F of E with < rank(F) < rank(F). 

The bundle (F* , ip) is called polystable if either (F^, , ip) is stable, or there is a parabolic 
polystable vector bundle K with /ipar(K) = Atpar(-E'*), and an orthogonal or symplectic 
stable parabolic vector bundle (F* , 0) (depending on whether (F* , (p) is orthogonal or 
symplectic) such that (F* , (p) is isomorphic to the direct sum 

((K © (V;* ® L,)) © F, , ipv, © 0) , 

where (pv, is the obvious orthogonal or symplectic structure on K © (V^* ©L*) constructed 
using the natural paring of K with its parabolic dual V* (so ipv, is either ipy^ in Theorem 
14.11 or ipy^ in Theorem 14.21) : the parabolic vector bundle F^ is allowed to be zero. 

It is easy to see that if (F^, , ip) is polystable, then (F* , ip) is semistable. 
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In the above definition, the condition that /ipar(K) = yUpar(-E*) imphes that 

because /ipar(K © {V* ® L*)) = /ipar(-E*) (see (13. 7p ). If in the above definition is 
nonzero, then yUpar(-F'*) = Aipar(-E'*) from (13. 7p . 

5.4. Harder— Narasimhan filtration. Let {E^ , ip) = {(E , {Fij} , {aij}) , v^) be an or- 
thogonal or symplectic parabolic bundle. Assume that the parabolic vector bundle i?* is 
not semistable. Then it has a unique Harder-Narasimhan filtration 

(5.2) C C ■ ■ • C Vr' C V: = E, 
(see [151 P- 70, Theoreme 8]). Consider the filtration of E* ® 

(5.3) e: ®l* ^ {vr'Y ® ^ ■ ■ ■ ^ {v^y ® , 

where V^, 1 < i < n, are as in (15.21) (the kernels of the projections from E* ^L* produce 
the filtration in (15. 3p ). From the definition of a Harder-Narasimhan filtration it follows 
immediately that (15. 3 p is the Harder-Narasimhan filtration of E* ^ L^,. 

Any isomorphism between two parabolic vector bundles preserves the Harder-Narasimhan 
filtrations, because the Harder-Narasimhan filtration is unique. Therefore, the isomor- 
phism if in (12. 9 p takes the filtration in (15. 2p to the filtration in (15. 3p . Therefore, we have 
the following proposition: 

Proposition 5.4. For any i G [1,^ — 1], the image ^(VJ) coincides with the kernel of 
the projection E* ^ L* (K""0* ® (15. 3p . 

Since V} C KT^^, Proposition 15.41 has the following corollary: 
Corollary 5.5. The subbundle V} C -E* in (15. 2p is isotropic. 

Proposition 5.6. Let (i?* , </?) = {{E , {Fij} , {ajj}) , </?) fee an orthogonal or symplectic 
parabolic bundle. Then (-E* , ip) is semistable if and only if the parabolic vector bundle E^ 
is semistable. 

Proof. If the parabolic vector bundle E^ is semistable, then obviously {E^, , ip) is semistable. 
To prove the converse, assume that the parabolic vector bundle E^ is not semistable. 
Let (15. 2p be the Harder-Narasimhan filtration of i?*. Since /ipar(K^) > /Upar(-E'*), and 
C E^ is isotropic (see Corollary 15.50 . we conclude that V} violates the semistability 
criterion for (E'^, , (p). Therefore, {E^ , ip) is not semistable. □ 

5.5. The socle filtration. Let i?* = (i? , {Fjj} , {aj.-,}) be a semistable parabolic vector 
bundle. If K and are polystable nonzero subbundles of E^ with 

Aipar(K) = yUpar(W^*) = /ipar(-E*) , 

then the parabolic subbundle F^, C E^, generated by K and VT* is also polystable with 
Aipar(-^*) = A*par(-E'*); the proof of it identical to that of [9, p. 23, Lemma 1.5.5]. 
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Therefore, there is a unique maximal polystable parabohc subbundle E'^ C -E"* such 
that fipi^T.{El) = /ipar(-E'*)- This parabohc subbundle E'^ is called the socle of E^. 

For the socle E'^ C -E*, if E^/E'^ ^ 0, then the parabolic vector bundle E^/E'^ is 
semistable, and fj,pa,r{E^/El) = /ipar(-E*). We may consider the socle of E^./E'^. Hence 
there is a unique filtration of parabolic subbundles 

(5.4) Q = El d El d El d ■■■ d E^"^ C = 

such that for each i G [1 ,m — 1], the quotient EH El'"" is the socle of E^/El^^. 

Since E^ is semistable, the parabolic vector bundle E*^L^, is semistable. The filtration 

(5.5) E: ® L* -4. {ET-'y ^ ■■■ ^ {Ely ® 

obtained from (15. 4 p clearly coincides with the socle filtration of El ® L*. 

Let <y9 be a bilinear form E^, such that {E^, , (f) is an orthogonal or symplectic parabolic 
vector bundle. From the uniqueness of the socle filtration it follows immediately that the 
isomorphism if in (12. 9p takes the filtration in (15. 4 p to the filtration in (15. 5p . 

Proposition 5.7. Let [E^, ,ip) be a polystable orthogonal or symplectic parabolic bundle. 
Then the parabolic vector bundle E^, is polystable. 

Proof. Since (i?* , ip) is polystable, it is semistable. Hence i?* is semistable by Proposition 
15.61 Let (15. 4 p be the socle filtration of E^,. It was noted above that the isomorphism ip in 
( !2l9|) takes the filtration in ( l5^ to the filtration in ( !53|) . 

We assume that E^ is not polystable. Therefore, we have rank(ii^^) < rank(ii^^,), where 
El is the socle of E^ in ( 15^ . 

Since ip takes El isomorphically to the kernel of the projection E^ ®L* — y {E^~^y 
L^,, it follows immediately that 

y^{El,ET~') = 0. 

We now conclude that El is isotropic because El d E^~^. Since (£■* ,ip) is polystable, 
and El is an isotropic subbundle with /ipar(-E^) = /ipar(-E'*), we conclude that there is an 
orthogonal or symplectic parabolic vector bundle {F^, , cj)) (depending on whether {E^, , ip) 
is orthogonal or symplectic) such that (i?* , ip) is isomorphic to the direct sum 

{{El © {{Ely ® L,)) © , ipEi © (jy) , 

where ipE} is the obvious orthogonal or symplectic structure on El © {{El)* © L*) con- 
structed using the natural paring of El with its parabolic dual {El)* (so ipEi is either yj^i 
in Theorem 14.11 or yj^^i in Theorem I4.2p . 

Note that /ipar(-E^) = fipar{{El)* © L*) = /ipar(-E*). Siuce the parabolic vector bundle 
E^: is isomorphic to El © {{El)* © L^,) © F^,, we have a contradiction to the fact that 
El is the maximal polystable parabolic subbundle of F* with parabolic slope /Xpar(-E'*). 
Therefore, we conclude that E^ is polystable. □ 
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6. Einstein-Hermitian connection on orthogonal or symplectic 

PARABOLIC bundle 

As in Section I5.H fix a complete Hermitian metric gx on X \ S. Let Vl be the 
Einstein-Hermitian connection on L^, given by Theorem 15.11 (we do not assume that 
par-deg(L,,) = 0). 

Let {E^ , (p) = {{E , {Fij} , {aij}) , ip) be an orthogonal or symplectic parabolic bundle; 
the form ip takes values in L^. If D is an Einstein-Hermitian connection on E^,, then the 
connection D* on E^ induced by D is also Einstein-Hermitian. The Einstein-Hermitian 
connection D* on E* and the Einstein-Hermitian connection Vl on together define 
an Einstein-Hermitian connection on El ® L^,. 

An Einstein-Hermitian connection on {E^ , ip) is an Einstein-Hermitian connection D 
on E^, such that the isomorphism in (12. 9p takes D to the connection on £"* ® 
constructed using D* and Vl. 

Theorem 6.1. Let {E^, , ip) be an orthogonal or symplectic parabolic bundle. Then {E^, , (p) 
admits an Einstein-Hermitian connection if and only if (£"* , (p) is polystable. 

Proof. If (-E* , (p) admits an Einstein-Hermitian connection, then the proof of the "only 
if" part of Theorem 15.11 gives that {E^. , ip) is polystable. (It should be clarified that the 
nontrivial part of Theorem 15.11 is that a polystable parabolic bundle admits an Einstein- 
Hermitian connection.) 

To prove the converse, assume that (£"* , ip) is polystable. Then the parabolic vector 
bundle E^ is polystable by Proposition 15.71 Let D be the unique Einstein-Hermitian 
connection on E^ (Theorem 15.11) . The connection on E^ ® i^* constructed using D* and 
Vl is Einstein-Hermitian. On the other hand, the connection on E^ ® given by D 
using the isomorphism ip in ( 12. 9p is also Einstein-Hermitian. Now from the uniqueness 
of the Einstein-Hermitian connection on a polystable parabolic vector bundle it follows 
immediately that the above two connections on E^ ® L^, coincide. □ 

We have the following converse of Proposition 15.71 

Corollary 6.2. Let {E^, ,ip) be an orthogonal or symplectic parabolic bundle such that E^, 
is polystable. Then {E^ , ip) is polystable. 

Proof. Let D be the Einstein-Hermitian connection on E^, given by Theorem 15.11 We 
saw in the proof of Theorem 16. II that D is an Einstein-Hermitian connection on {E^, , (p). 
Therefore, (E'* , (p) is polystable by Theorem 16.11 □ 

It should be mentioned that if [E^, , ip) is stable, then E^, is not stable in general. To 
construct such examples, take stable bundles {E^ , ip) and {F^ , (p) with both orthogonal 
or both symplectic, and both (p and taking values in a fixed line bundle L^,. Then 
{E^ (B ,ip (B (p) is also stable, but E^ © F^ is not stable. 
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